Abstract. Let G be a finite non-solvable group with a primitive irreducible character χ that vanishes on one conjugacy class. We show that G has a homomorphic image that is either almost simple or a Frobenius group. We also classify such groups G with a composition factor isomorphic to a sporadic group, an alternating group A n , n ≥ 5 or PSL 2 (q), where q ≥ 4 is a prime power, when χ is faithful. Our results partially answer a question of Dixon and Rahnamai Barghi.
Introduction
Let χ be a non-linear irreducible character of a finite group G. A well-known theorem of Burnside [15, Theorem 3.15] shows that χ(g) = 0 for some g ∈ G, that is, χ vanishes on some element g of G. Since χ is invariant on conjugacy classes, χ vanishes on at least one conjugacy class. Malle, Navarro and Olsson [19] generalised Burnside's theorem by showing that χ vanishes on some conjugacy class of elements of prime power order.
Many authors have studied finite groups with a non-linear irreducible character χ that vanishes on only one conjugacy class. Zhmud' [25] was the first to study them. Chillag [7, Corollary 2.4] showed that either χ G ′ is irreducible or G is a Frobenius group with a complement of order 2 and an abelian kernel of odd order. Dixon and Rahnamai Barghi [9, Theorem 9] obtained some partial results when G is solvable and Qian [20] characterised finite solvable groups with this extremal property. Recently, Burness and Tong-Viet [6] studied the group when χ is imprimitive, being induced from an irreducible character of a maximal subgroup of G.
Dixon and Rahnamai Barghi [9] posed some questions at the end of their paper. Among them was the question below:
Question 1. If G is a finite non-solvable group with an irreducible character that vanishes on one conjugacy class, can G have more than one non-abelian composition factor?
In this we article shall attempt to answer this question and also to contribute to the classification of finite groups with an irreducible character that vanishes on one conjugacy class. In order to do so we investigate non-solvable groups with a primitive irreducible character that vanishes on a unique conjugacy class. In particular, we shall establish: Theorem 1.1. Let G be a finite non-solvable group. Suppose χ ∈ Irr(G) is primitive and vanishes on one conjugacy class, C. Let K = kerχ, Z = Z(χ). Then there exists a normal subgroup M of G such that C ⊆ M \ Z and M/Z is the unique minimal normal subgroup of the group G/Z. Moreover, one of the following holds:
(a) G/Z is almost simple and M/K is quasisimple.
(b) G/Z is a Frobenius group with an abelian kernel M/Z of order p 2n , M/K is an extra-special p-group and Z/K is of order p.
For case (a) in Theorem 1.1 assume that K = 1, that is, χ is faithful. Then G/Z is almost simple with socle M/Z where M is quasisimple. Note that χ M is irreducible and if C is the unique conjugacy class of zeros of χ in G, then C is the union of M-conjugacy classes C 1 , . . . , C r with r ≤ |G : M| = |G/Z : M/Z| ≤ |Out(M/Z)|. Observe that all zeros of χ M have the same order which is a power of p for some prime p. Also note that Z(G) = Z(M).
We thus look at this general problem:
Problem 1. For each quasisimple group M, classify all faithful characters χ such that (i) χ vanishes on elements of the same p-power order;
(ii) the number of conjugacy classes that χ vanishes on is at most the size of the outer automorphism group of M/Z(M); (iii) if Z(M) = 1, then Z(M) is cyclic and of p-power order.
We remark that condition (iii) of Problem 1 is necessary by Lemma 2.4. We solve Problem 1 when M/Z(M) is isomorphic to either a sporadic group, an alternating group A n , n ≥ 5 or PSL 2 (q), q ≥ 4 a prime power. Before we give the result, we make some remarks on notation. Since PSL 2 (4) ∼ = PSL 2 (5) ∼ = A 5 , A 6 ∼ = PSL 2 (9), 2·A 5 ∼ = SL 2 (5) and S 5 ∼ = PGL 2 (5) we shall use them interchangeably. In Theorems 1.2(3) and 1.3(4), we adopt the notation used in Atlas [8] . ( 
Lastly we partially answer Question 1: The paper is organized as follows: In Section 2 we list the preliminary results we need to prove our main results. In Section 3 we reduce the main problem to almost simple and quasisimple groups, thus proving Theorem 1.1. In Section 4 we prove Theorem 1.2. We prove Theorem 1.3 in Section 5. Lastly we prove Corollary 1.4.
Preliminaries
Lemma 2.1. [5, Theorem 1] Assume that G is a quasisimple group and let z ∈ Z(G). Then one of the following holds: (
for some x, y ∈ C and Z is cyclic of prime power order.
Proof. We first show (ii) and the first part of (iii). Note that since N is a normal subgroup of G either N ∩ C = ∅ or C ⊆ N. For (ii), if N ∩ C = ∅, then χ does not vanish on N. Thus χ N = eψ, for some ψ ∈ Irr(N) and a positive integer e (by Clifford's theorem and the primitivity of χ). This means that ψ does not vanish on N forcing ψ(1) = 1 and N ′ kerψ kerχ = 1. Hence N is an abelian normal subgroup and since χ is faithful and primitive, N Z by [15 which implies that C \ N is not empty. Since N is normal in G we deduce that C ∩ N = ∅. This means that N Z by (ii). Hence the first part of (iii) holds.
We now prove (i). Choose
Suppose M/Z is not unique and let M 1 /Z be a minimal normal subgroup of G/Z. Then C ⊆ M 1 by using a similar argument as above and so C ⊆ M ∩ M 1 = Z. But this is a contradiction since C cannot be contained in Z. Hence M/Z is unique and (i) follows.
For the last part of (iii), if χ N is irreducible and N ∩ C = ∅, then N Z by (ii). Thus N is abelian, χ is linear contradicting the fact that χ vanishes on C. It follows that C ⊆ N. We claim that cz ∈ C for all z ∈ Z, c ∈ C. Suppose that X is a representation affording χ. Then X is a scalar representation on Z and X(z) is a scalar of the form λI by [15, Lemma 2.27(a)]. Evaluating, we get χ(cz) = trace X(cz) = trace λX(c) = λχ(c) = 0, that is, cz ∈ C. We have that Z < N and N/Z is a normal subgroup of G. By (i), M/Z is the only minimal normal subgroup of G/Z, implying that M/Z N/Z, that is, M N and the result follows.
Let Z be non-trivial. We show that every non-trivial element z of Z is a commutator. Now cz ∈ C for c ∈ C. This means there exists g ∈ G such that cz = g −1 cg and therefore z = c −1 g −1 cg as required. To show the last part, suppose z is non-trivial and z = [x, y] = x −1 y −1 xy, where x, y ∈ G and x / ∈ C. By Lemma 2.3, z = [x, y] = 1, a contradiction. Hence the result follows.
We know that Z is cyclic by [15, Lemma 2.27(d)]. Let c be of order p r for some positive integer r using Theorem 2.2. Then z
p r g = 1 and so Z is of prime power order.
A reduction theorem
In this section we reduce our main problem to almost simple and quasisimple cases. In the following proposition we follow the proofs of Lemma 2.3 and Theorem 1.1 of [20] with χ primitive. Let N be a normal subgroup of G. Recall that G is a relative M-group with respect N if for every χ ∈ Irr(G) there exists H with N H G and σ ∈ Irr(H) such that σ G = χ and σ N ∈ Irr(N). 
, and let δ be an irreducible constituent of χ T . Observe that M/Z is an abelian chief factor of G, ρ = χ M is irreducible, so it is G-invariant. Moreover, ρ Z = χ Z = χ(1)µ for some G-invariant µ ∈ Irr(Z). Using [15, Theorem 6 .18], we can see that ρ is fully ramified in M/Z and by [15, Problem 6.3] , ρ vanishes on M \ Z. Note that Z T . Thus ρ vanishes on M \ T . It then follows that ψ(1) = ρ(1) > δ (1) . Note that Y /T is abelian, hence every chief factor of every subgroup of Y /T has non-square order. Also T ≤ M is solvable.
By [15, Theorem 6.22] , Y is a relative M-group with respect to T . We have that ψ = λ Y , where λ ∈ Irr(B), T < B Y , and λ T = δ. We now show that B < Y . Suppose that Y = B. Whence ρ T is irreducible. Then ρ T = χ T = δ, which is a contradiction since ρ(1) > δ(1) by the above argument. Hence B < Y .
Let C 1 be the set that ψ vanishes on. It follows that
Finally we show that M < G. If M = G, that is, if Z is a maximal normal subgroup of G, then G/Z is simple and abelian. Hence G/Z is cyclic, that is, G is abelian, a contradiction since χ is non-linear. Hence the result follows.
Recall that G ∞ denotes the solvable residual of a group G.
Proposition 3.2. Let G be a finite non-solvable group. Let χ be a faithful primitive irreducible character of G that vanishes on only one conjugacy class C. Let Z = Z(G). Suppose that M/Z is a non-abelian minimal normal subgroup of G/Z. Then G/Z is almost simple and M is quasisimple.
Proof. By Lemma 2.4, we may assume that Z is a p-group and all elements in C are p-elements. We claim that M is perfect. If χ M ′ is reducible, then M ′ Z by Lemma 2.4(iii). This implies that M is solvable, a contradiction. Hence χ M ′ is irreducible and it follows that M M ′ using Lemma 2.4(iii). Now M is perfect as claimed. Since M/Z is a non-abelian chief factor of G, we may write
where T i /Z are isomorphic non-abelian simple groups.
Suppose that k = 1. Note that M is quasisimple because M is perfect. Since M/Z is a unique minimal normal subgroup of G/Z, it follows that G/Z is an almost simple group with socle M/Z. Now we assume that k ≥ 2 and we will work for a contradiction.
Clearly θ 1 is nonlinear. Let a 1 ∈ T 1 be such that θ 1 (a 1 ) = 0, and let a 2 ∈ T 2 be a p ′ -element. We have χ(a 1 ) = χ(a 1 a 2 ) = 0. This implies that a 1 , a 1 a 2 ∈ C are p-elements, a contradiction.
Assume that Z > 1 and T ∞ i are simple for all i. Note that T i /Z is simple, it follows that 
where z 1 is a p-element because Z is a cyclic p-group. We claim that z 1 is a commutator in T ∞ 1 . For if z 1 is not a commutator, then using Lemma 2.1, we have that T ∞ 1 must be one of the groups in cases (i), (ii), (iii). Since z 1 is of prime power order, this rules out cases (i) and (ii) 
Alternating groups.
It is well known that every irreducible character of the symmetric group S n is characterized by a partition of n (see [17] ) and so can be identified by the corresponding partition. Thus χ λ ∈ Irr(S n ) (or simply λ if there is no confusion of what it means) is the irreducible character of S n corresponding to the partition λ. The irreducible characters of the alternating group A n are obtained by restricting the χ λ 's to A n . In particular, the restriction (χ λ ) An is irreducible if and only if λ is not self-associated. We also identify elements of S n with their cycle type, for example, an (n − 2)-cycle with (n − 2, 1
2 ) or an (n − 1)-cycle with (n − 1, 1). Firstly we consider our problem when the center Z(M) is trivial, i.e, when M is an alternating group. We require the following results: Proposition 4.2. Let M = A n or S n , n ≥ 8, and let χ ∈ Irr(M). Then χ(g) = 0 for some g ∈ M of even order. Moreover, if χ is of 2-power degree, we can choose g ∈ M such that order(g) = 4.
Proof. The first part follows from the proof of [18, Proposition 4.3] . Now suppose χ is of 2-power degree. By [2, Theorems 2.4 and 5.1], χ λ (1) = 2 r , where λ = (2 r , 1) or λ = (2, 1 2 r −1 ), and n = 2 r + 1. Now using the Murnaghan-Nakayama rule [17, 2.4 .7] we shall give the appropriate choices for g.
Either n ≡ 1 (mod 4) or n ≡ 3 (mod 4). If n ≡ 3 (mod 4), then using the proof of [10, Proposition 2.4] we have g = (4, 2 (n−5)/2 , 1). If n ≡ 1 (mod 4), then take g = (4 2 , 2 (n−9)/2 , 1). Proof. Using the Atlas [8] we infer that the only alternating groups with the desired property are A 5 and A 6 when n ≤ 13. Suppose n > 13.
We first consider when χ vanishes on a 2-element. Suppose that χ(1) is not a 2-power. Then by [4, Theorem 1.2], χ vanishes on some element of odd prime order, implying that χ vanishes on at least two conjugacy classes of elements of distinct orders, a contradiction. Hence χ(1) is a 2-power. The result then follows by Proposition 4.2 and Theorem 2.2. Now suppose that χ vanishes on a 2 ′ -element. By Proposition 4.2 we have that χ vanishes on an element of even order. Hence χ vanishes on at least two elements of distinct orders and the result follows.
We now consider our problem when Z(M) is non-trivial. We refer to [14, Chapter 8] for some basic results on ordinary representation theory ofS n andÃ n , whereS n is any one of the two double covers of S n andÃ n is the double cover of A n . The set of partitions of n into distinct parts is denoted by D(n). Let λ ∈ D(n). The partition λ is odd if the number of even parts in λ is odd, otherwise λ is even. The faithful irreducible characters ofS n correspond to partitions λ ∈ D(n). In particular, if λ is even, then χ λ ∈ Irr(S n ) splits into distinct constituents, χ ± λ , when restricted toÃ n and if λ is odd, then the two irreducible characters χ ± λ ∈ Irr(S n ) are the same when restricted toÃ n . Lemma 4.4. Let M =Ã n and suppose that n ≥ p + 4, where p is an odd prime. Suppose χ ∈ Irr(M) is faithful. Then χ vanishes on some p-singular element g of M.
Proof. If λ ∈ D(n) is even, then the result holds by the proof of [18, Theorem 4.5] . Now suppose that λ ∈ D(n) is odd. Then the characters χ ± λ ∈ Irr(S n ) are the same and irreducible when restricted toÃ n . Let g ∈Ã n be an element which projects to a cycle type µ = (p) (2) 2 ( Proof. Checking in the Atlas [8] we see that the result is true when n ≤ 13. Let n ≥ 14. Now χ vanishes on an element whose order is not a p-power since χ vanishes on a 3-singular element and a 5-singular element by Lemma 4.4. The result follows by Theorem 2.2.
4.3.
Groups of Lie type. We consider SL 2 (q), q = p n , where p is prime and n a positive integer. The character tables of SL 2 (q) are found in [11, Theorems 38.1 and 38.2]. Since SL 2 (4) ∼ = PSL 2 (5) ∼ = A 5 , SL 2 (5) ∼ = 2·A 5 and A 6 ∼ = PSL 2 (9), we will not consider these cases here. The size of the outer automorphism group of finite groups of Lie type can be found in the Atlas [8, Chapter 3] . In particular, |Out(PSL 2 (q))| = gcd(2, q − 1)·f where q = p f , p a prime and f a positive integer. The easy result below, whose proof we shall omit, will come in handy: (
Proof. If we consider PSL 2 (q), 7 q 32, then (1)- (4) follow from the character tables in the Atlas [8] . We may consider q > 32. We first suppose that q is odd. The character table of SL 2 (q) is found in [11, Theorem 38.1]. The faithful characters of M are the ones labelled χ i when i is odd, θ j when j is odd, ξ 1 and ξ 2 when q ≡ 3 (mod 4) (ε = −1), and η 1 and η 2 when q ≡ 1 (mod 4) (ε = 1). This is because Let χ ∈ {θ j | j is odd}. Then χ vanishes on (q − 3)/2 conjugacy classes of elements represented by a l , 1 l (q − 3)/2. By the argument above χ is not a suitable character. Now suppose χ ∈ {ξ i | i = 1, 2 and q ≡ 3 (mod 4)}. Then ε = −1 and χ vanishes on (q − 1)/2 conjugacy classes and the result follows.
Lastly, let χ ∈ {η i | i = 1, 2 and q ≡ 1 (mod 4)}. Then ε = 1 and χ vanishes on (q − 3)/2 conjugacy classes. Again the result then follows. Now let M = PSL 2 (q) with q odd. The character tables of PSL 2 (q) are exhibited in [1] . Nevertheless we continue using the notation in [11, Theorem 38.1]. The faithful characters of M are those labelled φ, θ j when j is even, χ i when i is even, ξ 1 and ξ 2 when q ≡ 1 (mod 4) (ε = 1), and η 1 and η 2 when q ≡ 3 (mod 4) (ε = −1). This is because
Let us consider φ, the Steinberg character of M. Then φ vanishes on two conjugacy classes represented by c and d, both of order p. Now (4) of the statement of the theorem follows because the size of the outer automorphism group of M is 2f .
Consider χ ∈ {χ i | i is even}. Then χ vanishes on (q − 1)/4 conjugacy classes if q ≡ 1 (mod 4) and χ vanishes on (q − 7)/4 + 1 = (q − 3)/4 conjugacy classes if q ≡ 3 (mod 4) by [1] . Since the size of the outer automorphism group of M is 2f , χ does not satisfy hypothesis (ii) of the statement of our proposition by Lemma 4.6. Now consider χ ∈ {θ j | j is even}. Then χ vanishes on (q − 1)/4 conjugacy classes when q ≡ 1 (mod 4) and χ vanishes on (q−3)/4 conjugacy classes when q ≡ 3 (mod 4), again by [1] . In both cases χ vanishes on more than 2f conjugacy classes and we are done.
Let χ ∈ {ξ i | i = 1, 2, and q ≡ 1 (mod 4)}. Then ε = 1 and χ vanishes on (q − 1)/4 conjugacy classes so χ vanishes on more than 2f conjugacy classes by Lemma 4.6 and the result follows. Now take χ ∈ {η i | i = 1, 2 and q ≡ 3 (mod 4)}. Such a χ vanishes on (q − 3)/4 conjugacy classes represented by a l and so fails satisfy the hypothesis by the above argument.
Finally we now consider SL 2 (q) where q is even. Its character table is exhibited in [11, Theorem 38.2] . Note that since gcd(2, q − 1) = 1, M = SL 2 (q) = PSL 2 (q). Now (2) follows from the Atlas [8] . We may assume that q 32. We consider first the Steinberg character φ of PSL 2 (q). Then φ vanishes on one conjugacy class c. Hence (4) follows. Consider χ i , 1 i (q − 2)/2. Then χ i vanishes on elements of the form b m , 1 m q/2. Hence χ vanishes on q/2 conjugacy classes. Also θ j vanishes on at least (q − 2)/2 conjugacy classes. Clearly the number of conjugacy classes is more than the size of the outer automorphism group of M in all these cases. Hence the result follows.
Non-solvable groups with a character vanishing on one class
We begin this section by showing the primitivity of the characters in Propositions 5.3 and 5.4. Imprimitive characters for quasisimple groups were considered by Hiss, Husen and Magaard in [13] . This description could be used to determine which characters are primitive, for at least the cases where G = M. However, here we use a different approach.
If an irreducible character χ of G is imprimitive then χ = θ G for some θ ∈ Irr(H) where H is a proper subgroup of G. By transitivity of induction of characters, we may assume that H is a maximal subgroup of G. Hence if χ vanishes on one conjugacy class, G should be one of the groups given in the result below: Proof. By Theorem 3.3 we have that there exist normal subgroups M and Z such that G/Z is almost simple and M is quasisimple with χ M irreducible and χ M vanishing on C 1 , C 2 , . . . , C m with m 1 such that C = m i=1 C i . By the argument preceding Problem 1 in the introduction, it is sufficient to only consider groups G such that M is isomorphic to the ones in the statements of Theorem 4.3 and Theorem 4.5. This means that M is isomorphic to A 5 , A 6 , 2·A 5 or 3·A 6 . Using GAP [23] or Atlas [8] the result follows. Lastly by Theorem 5.2, all the characters in the statement of the proposition are primitive.
5.2.
Almost simple groups of Lie type. We note that PGL 2 (q) = PSL 2 (q) ⋊ δ where δ is a diagonal automorphism and | δ | = 2. Also, Aut(PSL 2 (q)) = PGL 2 (q)⋊ ϕ , where ϕ is a field automorphism and | ϕ | = f , where f is a positive integer.
Proposition 5.4. Let G be a finite group with a composition factor isomorphic to PSL 2 (q), where q ≥ 4 is a prime power. Then G has a faithful irreducible character vanishing on one conjugacy class if and only if G is one of the following:
Proof. By Theorem 3.3, we have that there exist normal subgroups M and Z such that G/Z is almost simple and M is quasisimple. By the argument in the proof of Proposition 5.3, M is isomorphic to one of the groups listed in Proposition 4.7. Suppose M ∼ = PSL 2 (7), PSL 2 (8) or PSL 2 (11). Using Atlas [8] , (a) and (b) follow. We now consider the case in Proposition 4.7(4). When q is even, G = M = PSL 2 (q) = PGL 2 (q) and (c) follows from the proof of Theorem 4.7(4). Now suppose q is odd and let M = PSL 2 (q) and G = PSL 2 (q). Note that for PGL 2 (q) the Steinberg character φ has values ±1 for all elements outside PSL 2 (q) by [22, Section 2] . Also PGL 2 (q) has one conjugacy class of order p. That the Steinberg character extends to PGL 2 (q) follows from [12] . Hence G = PGL 2 (q) satisfies the hypothesis as required. Now suppose that M = PSL 2 (q) < G Aut(PSL 2 (q)) and G ≇ PGL 2 (q). We want to show that every χ of G vanishes on at least two conjugacy classes of G. In light of Since gcd(|G:PGL 2 (q)|, q) = gcd(| ϕ |, q) = 1, there must exist x ∈ G \ PGL 2 (q) of order r ∤ q, where r is a prime. Note that x ∈ C G (c). Then cx has order pr. Since φ is p-defect zero in G, φ vanishes on cx. Since φ vanishes on c, we have that φ vanishes on two distinct classes of G as required. By Theorem 5.2, all the characters in the statement of the proposition are primitive
A question of Dixon and Rahnamai Barghi
We restate and prove Corollary 1.4. Suppose that χ is imprimitive. By Theorem 5.1, the non-solvable cases are Theorem 5.1(ii)(c), (iii) and (iv). For (ii)(c) it is well known that if H/N is a non-solvable complement, then it has only one non-abelian composition factor. For (iii) and (iv) it is clear that G has only one non-abelian composition factor. Hence the result follows.
Note that for the imprimitive case χ need not be faithful.
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